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 Evolution, 43(8), 1989, pp. 1767-1780

 THE MAINTENANCE OF POLYGENIC VARIATION IN FINITE

 POPULATIONS

 DAVID HOULEI

 Department of Ecology and Evolution, State University of New York,
 Stony Brook, NY 11794

 Abstract. -Models of the maintenance of genetic variance in a polygenic trait have usually assumed
 that population size is infinite and that selection is weak. Consequently, they will overestimate the
 amount of variation maintained in finite populations. I derive approximations for the equilibrium
 genetic variance, VG in finite populations under weak stabilizing selection for triallelic loci and for
 an infinite "rare alleles" model. These are compared to results for neutral characters, to the
 "Gaussian allelic" model, and to Wright's approximation for a biallelic locus under arbitrary
 selection pressures. For a variety of parameter values, the three-allele, Gaussian, and Wrightian
 approximations all converge on the neutral model when population size is small. As expected, far
 less equilibrium genetic variance can be maintained if effective population size, N, is on the order
 of a few hundred than if Nis infinite. All of the models predict that comparisons among populations
 with N less than about 104 should show substantial differences in VG. While it is easier to maintain
 absolute VG Awhen alleles interact to yield dominance or overdominance for fitness, less additivity
 also makes VG more susceptible to differences in N. I argue that experimental data do not seem
 to reflect the predicted degree of relationship between N and VG. This calls into question the ability
 of mutation-selection balance or simple balancing selection to explain observed VG. The dependence
 of VG on N could be used to test the adequacy of mutation-selection balance models.

 Received May 25, 1988. Accepted May 22, 1989

 The effects of both mutation and selection
 on phenotypes are ubiquitous and relatively
 easily observed, making mutation-selection
 balance an appealing, parsimonious expla-
 nation for the persistence of additive genetic
 variance in traits undergoing selection. In
 the last 20 years a spate of models of traits
 undergoing stabilizing selection have gen-
 erally supported this possibility (for a re-
 view, see Turelli [1984]). These have usu-
 ally made the assumption that population
 size is infinite. Lande (1980a) asserted that
 his infinite-population approximation
 would remain adequate for most natural
 populations.

 All of these mutation-selection balance
 models make the reasonable prediction that
 stronger selection will result in less genetic
 variance at equilibrium. However, in a fi-
 nite population, the weaker selection is, the
 greater effect drift will have on gene fre-
 quencies and genetic variance. This suggests
 that parameters that lead to high genetic
 variance in an infinite population will lead
 to a strong dependence of genetic variance
 on effective population size. In this paper,

 1 Present address: Department of Statistics, North
 Carolina State University, Box 8203, Raleigh, NC
 27695-8203.

 I describe the magnitude of this dependence
 for several simple models of the mainte-
 nance of genetic variance.

 Three basic kinds of approaches have been
 used for modeling the maintenance of ge-
 netic variance by mutation-selection bal-
 ance when there is stabilizing selection on
 the modeled character. The first two of these
 model loci that have an infinite number of
 alleles with a continuous range of effects.
 The "Gaussian allelic" approximation to
 this model assumes that the distribution of
 genotypic values at each locus is normal
 (Kimura, 1965; Latter, 1970; Lande, 1976;
 Fleming, 1979; Barton and Turelli, 1987)
 and therefore necessitates the assumption
 that mutation is a stronger force than selec-
 tion (Turelli, 1984). The "rare alleles" ap-
 proximation (Turelli, 1984; Barton and
 Turelli, 1987) assumes that selection is
 stronger than mutation, keeping the fre-
 quencies of mutant alleles low.

 The third approach is to consider only a
 finite number of alleles at each locus. Models
 have been constructed using two (Latter,
 1960; Bulmer, 1972, 1980; Barton, 1986),
 three (Turelli, 1984), and five (Slatkin, 1987)
 alleles. These finite-allele models may either

 be viewed as more tractable approxima-
 tions to the continuum-of-alleles model, or

 1767
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 as models of loci for which variation within
 a range of allelic effects is only weakly se-
 lected, while variation outside this range is
 very deleterious. Slatkin (1987) showed that
 the finite-allele models may adequately re-
 flect genetic variance in an infinite-alleles
 model when mutation and selection are
 nearly equal in strength, thereby plugging
 the gap between the parameters appropriate
 to the Gaussian and rare-alleles approxi-
 mations. All three approaches predict that
 mutation-selection balance at plausible
 numbers of loci could explain observed
 levels of genetic variance.

 Several authors have introduced finite
 population size into these models. Nei and
 Imaizumi (1966) showed that genetic vari-
 ance is very sensitive to population size for
 a variety of selection schemes using Wright's
 (1 937) equation for the probability-density
 distribution of allele frequencies at a bial-
 lelic locus. Bulmer (1972), also starting from
 Wright's equation, again noted the power
 of drift to decrease the equilibrium genetic
 variance for one combination of parame-
 ters. Latter (1970) derived an expression for
 the equilibrium genetic variance relative to
 the average effect of a mutation for his dis-
 crete-time Gaussian model but did not dis-
 cuss its implications. In spite of this work,
 discussion of the effect of finite population
 size has rarely entered the debate about the
 efficacy of mutation-selection balance for
 maintaining polygenic variation. In part, this
 is because none of these authors emphasized
 the relevance of this to natural populations.
 Other relevant work includes the extension
 of the slightly deleterious near-neutral mod-
 el to loci contributing variance to a char-
 acter under stabilizing selection (Kimura,
 1981; Foley, 1987), showing that substitu-
 tion rate and, therefore, heterozygosity will
 be a function of population size.

 Alternative models to those based on mu-
 tation-selection balance have been little
 considered. Several authors have modeled
 genetic variance maintained by overdomi-
 nance (Robertson, 1956; Bulmer, 1973; Gil-
 lespie, 1984). Robertson modeled over-
 dominant loci with additive effects on a
 neutral phenotypic character, while Bulmer
 and Gillespie combined overdominance
 with stabilizing selection on the phenotypic
 character. Thus, these models involve
 pleiotropy, as genotypes must differ in fit-

 ness independent of their effects on the phe-
 notype of interest. These models can easily
 maintain genetic variance with a small
 number of loci in an infinite population.
 Bulmer (1973), again using Wright's (1937)
 allelic probability-density distribution, de-
 rived an approximation for genetic variance
 in a finite population under such a selection
 scheme and stated that a "considerable
 amount" of genetic variance could be main-
 tained in "moderate-sized" populations, al-
 though he gave no actual values. Several
 authors have considered the important spe-
 cial case of neutral phenotypic characters
 (Clayton and Robertson, 1955; Lande, 1979;
 Chakraborty and Nei, 1982; Lynch and Hill,
 1986). Lynch and Hill performed the most
 thorough analysis, showing that the genetic
 variance of neutral characters will be ex-
 tremely dependent on population size under
 a wide variety of linkage and dominance
 relationships and mating systems.

 The relative lack of attention to finite
 population size in mutation-selection bal-
 ance models has recently been corrected.
 Keightley and Hill (1988), Burger et al.
 (1989), and the present paper all address
 finite population size, using different ap-
 proaches but with comparable results. In
 this paper, I derive the expected genetic
 variance under mutation, stabilizing selec-
 tion, and drift for a three-allele model (Tur-
 elli, 1984). I then compare this model to
 Latter's (1970) "Gaussian" model, to a sim-
 ple neutral model, and to Wright's (1937)
 model of a biallelic locus with arbitrary
 dominance for fitness. This allows consid-
 eration of alleles that are recessive or ov-
 erdominant for fitness. All of these models
 predict that, under standard assumptions
 about the average effect of a mutation and
 the strength of selection, populations with
 effective sizes less than about 104 that differ
 in effective population size will also differ
 markedly in their equilibrium genetic vari-
 ances.

 Models

 All of the models discussed here share the
 assumptions of a diploid, random-mating
 population. I assume that departures from
 gametic-phase equilibrium can be ignored.
 This is likely to be a valid assumption either
 when population size is very small (Keight-
 ley and Hill, 1988), when alleles are effec-
 tively neutral (Lynch and Hill, 1986), or
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 MAINTENANCE OF POLYGENIC VARIATION 1769

 when population size is effectively infinite

 (Lande, 1 980b; Turelli, 1984), as long as loci
 are not strongly clumped in their distribu-
 tion. In other situations, gametic disequi-
 librium will tend to lead to slight overesti-
 mates of the equilibrium genetic variance
 (Keightley and Hill, 1988). I return to this
 issue in the Discussion. Alleles are assumed
 to interact additively in determining the
 phenotype, and nonallelic interactions
 (epistasis) are assumed to be absent. I as-
 sume that there are n equivalent loci which
 influence the phenotype of a character Z.
 The genotypic value of an individual, G, is
 the sum of the genotypic values at each lo-
 cus, g. The phenotype of an individual is
 determined by its genotypic value, plus a
 normally distributed random environmen-
 tal deviation E, which has mean 0 and vari-
 ance 1. I assume that the mean phenotype
 in the population is 0 (Z-0). Therefore the
 genetic variance at equilibrium, VG, is

 VG= nVg = ng2 (1)

 where VG, Vg, and g2 are the expected values
 of VG (the genetic variance), Vg (the genetic
 variance at a single locus), and g2. Mutation
 occurs at the rate u, and the average effect
 of a mutation on the phenotype is c. The
 increase in genetic variance by mutation per
 zygote per generation is then

 VM = 2ngC2. (2)

 To model stabilizing selection, I assume
 that the fitness function is nor-optimal, or
 Gaussian, with the optimum at Z = 0, so

 W(Z) = exp j2l (3)

 where w2 determines the strength of stabi-
 lizing selection. The larger the value of w2,
 the weaker the selection is. The mean fitness
 of individuals with genotypic value G is

 W(G) = exp[ 2 V (4)

 where VJ is the sum Of w2 and the environ-
 mental variance, which is assumed to equal
 1. A convenient summary of the strength of
 selection is- the average amount of selection
 against a homozygote for an allele that is an
 average mutational step away from the op-
 timum, s = (2c)2/2 JVs.

 Three-Allele Model. -Turelli (1984) de-
 veloped a simple three-allele model of ge-
 netic variance for characters under stabiliz-
 ing selection. The parameters for each locus
 are given in Table 1. Mutation among the
 three alleles depends on the rate ,u and obeys
 the following scheme

 2

 A-, AO A+,

 2 2

 Additive genetic variance is proportional
 to heterozygosity (H) at loci with additive
 allelic interactions (VG = c2H), and there-
 fore, the change in genetic variance due to
 drift alone will be

 - VG 2 _ H
 AVG = 2NG =-_ nC2- (5) AV=2N 2N

 where N is the effective population size
 (Clayton and Robertson, 1955). Due to the
 symmetry of the three-allele model, I can

 assume J~+I = r, and

 H 4j +1 (6)

 This assumption necessarily constrains the
 mean effect of each locus to be 0. In a finite
 population, this expectation will remain
 true; however, it will almost never be re-
 alized.

 The change in p+1 due to mutation and
 selection is

 P+1 P+-

 1-p+1s 2
 -2gp+l -p+1 (7)

 assuming that selection is weak (i.e., s <<
 1). After substituting H/4 for p+i, and solv-
 ing for AlH, the effect of drift can be added.
 This gives

 H(1 -H j)_s s

 AH -1H + 2,H

 H
 -2,uH-2N (8)
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 At equilibrium, this yields a quadratic in H.
 The appropriate solution to this, when mul-
 tiplied by nc2 gives the approximation to
 the genetic variance that appears as Equa-
 tion (9) at the bottom of the page, where 0
 = 4N,. Results obtained using Equation (9)
 are nearly identical to simulation results re-
 ported by Burger et al. (1989). If3+1 is much
 less than one, which is equivalent to assum-
 ing that ,u is much less than s/4, Equation
 (9) may be approximated as

 VG VM (10)
 s 1

 4 2N

 Equation (10) has recently been derived in-
 dependently by Keightley and Hill (1988)
 and suggested by Biirger et al. (1989). When
 N is infinite and u is much less than s/4,
 both Equations (9) and (10) reduce to VG
 4n,uVg, which is a standard approximation
 valid both for finite-allele models (Latter,
 1960; Bulmer, 1972; Turelli, 1984) and for
 infinite-allele models (Turelli, 1984). Note
 that while the average effect of a mutation
 does not affect VG in an infinite population,
 it does in a finite one.

 Equation (10) may also be derived for an
 infinite-allele model, using Barton and Tu-
 relli's (1987) rare-alleles assumptions, which
 necessitate the relationu << s/4: using Bar-
 ton and Turelli's equation 5.3,

 dVG VG(2)

 dt VG( 2 Vs)

 + VG(-) + VM (1 1)

 which at equilibrium gives Equation (10).
 Gaussian Allelic Approximation. -An al-

 ternative to the rare-alleles approximation
 to an infinite-alleles model may be obtained
 by assuming that the distribution of allelic
 effects is always Gaussian at each locus (Ki-
 mura, 1965). Latter (1970) derived a recur-
 sion equation for the genetic variance with
 finite population size under a discrete-time

 TABLE 1. Parameters for each locus in the three-allele

 model of Turelli (1984).

 Allele Frequency Phenotypic effect

 A_1 P-1 -c
 Ao PO 0
 A+1 P+1 c

 version of this Gaussian allelic model. For
 the n-locus case, Latter's recursion has the
 equilibrium solution

 D nN VG D2 N + 2VMVS-D (12)

 where

 D ns- 2nNVm 13
 2(N + n) (13)

 Wright 's Two-Allele Model. -If alleles
 have effects on many characters, then their
 effects on fitness may be essentially inde-
 pendent of their effects on any one pheno-
 type. Thus, while an allele may act addi-
 tively on phenotype, its dominance for
 fitness may be arbitrary. In order to incor-
 porate arbitrary dominance, I consider the
 standard two-allele model in Table 2. The
 average effect of a mutation, c, may be either
 negative or positive for a locus. Note that I
 assume that the effect of alleles on the phe-
 notype is additive. Under nor-optimal se-
 lection, the dominance, h, of a mutant allele
 with respect to fitness is 0.25. While this is
 plausible if stabilizing selection on pheno-
 types accounts for the majority of selection
 on polygenes, other cases, such as complete
 dominance (h = 0), or overdominance (h >
 0) are also possible.

 In a finite population of size N, with re-
 versible mutation between the two alleles at
 rate ,u, Wright (1937, 1969) showed that the
 probability distribution of q is approxi-
 mately

 0(q) = KW2Nq0l1(1 - q)0-1 (14)

 where K is an integration constant which

 ,G `- nc22 + Ns + 20 - '\/(2 + Ns + 20)2 - 4sO(N + 1)\
 VG n( + s +2- s(N + 1) (9)
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 TABLE 2. Standard two-allele model with arbitrary

 dominance for fitness.

 Genotypic
 Genotype Frequency value Relative fitness

 AoAo (1-q)2 0 1
 AoA1 2q(l-q) c 1-hs
 AIAI q2 2c 1-s

 need not be evaluated and 0 = 4Ntt. I cal-
 culated the expected genetic variances from
 this distribution using equations 3 and 4 of
 Nei and Imaizumi (1966). In order to do
 this, the first two moments of Equation (14)
 had to be calculated by numerical integra-
 tion, for which I used method II of Kimura
 et al. (1963) when 0 < 1, and direct inte-
 gration when 0 > 1.

 Neutral Phenotypic Characters. -For a
 character whose variance is solely deter-
 mined by neutral or effectively neutral al-
 leles, a drift-mutation balance determines
 the equilibrium variance. Therefore, for un-
 linked loci capable of mutating to a contin-
 uum of alleles and with additive allelic in-
 teractions,

 VG = 2NVM (15)

 (Clayton and Robertson, 1955; Lynch and
 Hill, 1986; Chakraborty and Nei, 1982;
 Lande, 1979). Lynch and Hill (1986) showed
 that this will remain approximately true un-
 der a wide variety of linkage relationships
 and kinds of allelic interactions. As Ns be-
 comes less than one, all of the approxima-
 tions will approach Equation (15).

 Results

 Three-Allele Model vs. Wright's Model. -
 A check on Equation (9), the equilibrium
 genetic variance under the three-allele mod-
 el, is provided by the Wright model for a
 biallelic locus when the dominance (h) is
 0.25. When u is much less than s/4, non-
 optimal alleles will be rare in the three-allele

 model, and the genotype A,1A-l may be
 ingored, reducing the three-alleleA model to

 a two-allele model. Values of VG for the
 three-allele and Wrightian models should
 be identical for parameter combinations in
 which this condition is met, and the three-
 allele model should exceed the Wrightian
 models when ,u s/4. Figure 1 is a graph
 of the ratio between the Wright approxi-

 1 5

 ~1.0

 = 0.5 5

 V)4

 0.0 2log N
 -2

 log s -4

 FIG. 1. Comparison of J7G in the three-allele model
 and the biallelic Wright model when h = 0.25 and At
 = 10-5. The surface is the ratio (three-allele predic-
 tion)/(Wright prediction).

 mation and the three-allele model for,u =
 10-1. The two models agree well when drift
 is very powerful (Ns << 1), as in the front
 corner of the surface, and when selection is
 powerful (Ns > 1), as in the back corner.
 As expected, when `u s/4, at the right cor-
 ner, the approximation of the Wright model
 predicts more equilibrium genetic variance
 than the three-allele model. The trough seen
 running across the surface, however, is not
 expected. This trough indicates that the
 Wright model predicts that heterozygosity
 will be higher than that in the three-allele
 model as one makes the transition from mu-
 tation-drift balance (Ns << 1) to mutation-
 selection balance (Ns > 1). Thus, the low
 point of the trough falls where Ns = 1. How-
 ever, this discrepancy does not exceed 25%
 of the prediction based on the Wright mod-
 el. This amount of error is relatively insig-
 nificant for the conclusions that may be
 drawn from such crude models.

 Absolute Genetic Variance. -In this sec-
 tion, I will focus on parameter combina-
 tions that yield a new mutational variance

 (VM) of 0.001 VE. Experiments suggest that
 this is a reasonable median value for weakly
 selected characters (Lynch, 1988).

 Figure 2 gives contour plots of heritability
 (h2) over a range of effective population sizes
 and numbers of loci for the three-allele,
 Gaussian allelic and neutral models. With
 the assumption that the environmental
 variance is 1.0, h2 = VG/( 1 + VG). The av-
 erage effect of a mutation was chosen to
 yield VM = 0.001 with n = 100. Both the
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 FIG. 2. Contour plots of heritability (h2) in relation to effective population size and the number of loci: a)
 The three-allele model; b) the Gaussian model; and c) the neutral model. The solid lines indicate a heritability
 of 0.5, and the contour interval is 0.1. Low heritabilities fall in the lower left-hand corner of each panel. In each

 case, the parameters , = 10-4, C2 = 0.05, and V. = 20 were used.

 three-allele and Gaussian models yield sub-
 stantial heritabilities if population size is
 greater than 10,000. At N = 100, both
 models have converged on the neutral mod-
 el. In such a population, a heritability of
 0.50 could only be maintained with nearly
 1,000 loci potentially contributing variance.
 For the parameters of Figure 2, s = 0.005,
 quite a bit larger than the mutation rate, so
 the three-allele model is probably a more
 accurate predictor of VG. However, the
 Gaussian model converges more quickly on
 the neutral expectation, so the difference be-
 tween the two models becomes less with
 decreasing population size.

 In Figure 3, I graph the heritability pro-
 duced by the three-allele, neutral, and Gaus-
 sian models under a wider variety of mu-
 tation rates and average effects. For each
 combination of mutation rate and average
 effect, I chose n to preserve the constraint
 VM = 0.001. Panels at the upper right are
 well within the assumptions appropriate to
 the rare-alleles approximation. Only in the
 lower left panel is g = s. In each panel, the
 Gaussian approximation gives a higher her-
 itability than the three-allele model, but in
 the eight panels where ,u < s/4, the three-
 allele model is probably a more accurate
 approximation of a continuum-of-alleles
 model.

 The effect of drift changes predictably

 from relatively weak in the upper left panels
 of Figure 3, where mutation and selection
 are both powerful, to relatively strong in the
 lower right panels, where mutation and se-
 lection are weak. This is reflected in the larg-
 er effective population size at which genetic
 variance begins to fall off due to drift. This
 pattern of results suggests that, if mutation-
 selection balance does maintain a large pro-
 portion of the genetic variance in natural
 populations, one should expect the amount
 of genetic variance to vary with population
 size.

 Nei and Imaizumi (1966) presented re-
 sponse curves for genetic variance with re-
 spect to population size for the Wrightian
 model; consequently, these are not pre-
 sented here. The effects of varying domi-
 nance for fitness, h, for a given value of s
 are well known: the smaller h is, the more
 heterozygosity, genetic variance, and her-
 itability is maintained at equilibrium. Since
 h for the nor-optimal selection models is
 0.25, strict additivity for fitness maintains
 less equilibrium genetic variance than in the
 three-allele model. In the case of mutants
 recessive for fitness, VG will fall between the
 predictions of the neutral and three-allele
 models. Overdominance with q > 0.15
 (Robertson, 1962) would maintain more ge-
 netic variance than the neutral model when
 N is small.
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 FIG. 3. Heritability when VM = 0.001. The solid squares correspond to the three-allele model, triangles to
 the Gaussian model, and diamonds to the neutral model. For the three-allele and Gaussian models V. = 20.

 Relative Genetic Variance at Different
 Population Sizes. -Since we are ignorant of
 such parameters as numbers of loci, selec-
 tion coefficients, and effective mutation rates
 at loci underlying quantitative characters,
 the genetic variance seen in any one pop-
 ulation can be explained by any of the
 models presented here. If, however, we
 compare related populations of different ef-
 fective population sizes, N, they will share
 the same underlying parameters, providing
 some potential to discriminate among se-
 lection models and parameter values. To
 present comparisons among populations of
 different sizes, I divide VG for each approx-
 imation by VG at N = 1,000, calculated from
 the same approximation. This value of N
 may be the proper order of magnitude for
 many vertebrates and plants. In Figures 4
 and 5, the slope of the normalized VG curve
 around N = 1,000 is a measure of the sen-
 sitivity of VG to drift at that population size.

 In Figure 4, I have graphed this normal-

 ized VG for the same models and mutational
 parameters as in Figure 3. For the largest
 average effect used, c = 0.5, the sensitivity
 to drift in the three-allele model is slight in
 the neighborhood of N = 1,000. However,
 this average effect is about twice the max-
 imum experimental estimates of the aver-
 age effect of new mutations (Hoi-Sen, 1972;
 Russell et al., 1963), and the experimental
 data can only overestimate the true average
 effect. For all other parameter combina-
 tions, the sensitivity is high, especially when
 population size is reduced from 1,000.
 In Figure 5, I explore the sensitivity of
 VG to drift when dominance for fitness, h,
 is varied while the dominance for pheno-
 type is held constant at 0.5, the purely ad-
 ditive case. To explore different degrees of
 dominance, I assume that selection is no
 longer solely a function of the phenotype of
 the character considered, as there is no way
 to obtain stable overdominance by weak se-
 lection on a quantitative character (Rob-
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 FIG. 4. Susceptibility of genetic variance to drift around N = 1,000 for the three-allele, Gaussian, and neutral
 models. Solid squares correspond to the three-allele model, triangles to the Gaussian model, and diamonds to
 the neutral model. Genetic variance was generated as in Figure 3, then normalized to 1.0 at N = 1,000 for each
 model.

 ertson, 1956; Lewontin, 1964). Under such
 an assumption, there is no longer any nec-
 essary connection between s and c, so I sep-
 arate them entirely and present the relative
 equilibrium heterozygosity, H, as a function
 of s, rather than VG as a function of c. Recall
 that VG= nc2H.

 For comparison, I present data for the
 nor-optimal three-allele model to represent
 h = 0.25. To model other dominance re-
 lationships, I use the biallelic Wright model.
 I consider two cases: complete recessivity
 of nonoptimal alleles (h = 0) and overdom-
 inance with an equilibrium frequency of the
 lower-fitness allele of 0.3. In this case, I used
 an alternate parameterization, assuming that
 the fitness of the heterozygote is 1 and that
 the two homozygotes have fitnesses 1 -
 O.429s and 1 - s. For the overdominant
 case, there a-re no experimental guidelines
 for appropriate parameter values. It is clear
 that at most a small proportion of new mu-

 tations can interact overdominantly (Mukai
 et al., 1972). Since such alleles are almost
 never observed, we can be confident that
 their average effects on fitness must be small,
 probably less than a few percent. Therefore,
 the presentation of comparisons at partic-

 ular combinations of s and A is arbitrary.
 The appropriate A and s for each kind of
 dominance relationship may differ by or-
 ders of magnitude. It is most unlikely that

 A for overdominant alleles can be as high
 10-3; consequently, I present results for ,t
 = 10-6 instead.

 The results shown in Figure 5 demon-
 strate that populations in which genetic
 variance is maintained by mutant alleles
 with less dominance will be substantially
 more susceptible to drift when selection is
 relatively strong, and equally susceptible
 when selection is weak. For the overdom-
 inant case with the largest selection coeffi-
 cient, increasing the population size from N
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 FIG. 5. Susceptibility of genetic variance to drift around N = 1,000 with arbitrary dominance for fitness.
 Solid squares correspond to the three-allele model, open squares to complete recessivity, and open circles to
 overdominance with q = 0.3. Genetic variance was normalized to 1.0 at N = 1,000, as in Figure 4.

 - 1,000 is predicted to have no effect on
 VG, while reducing N leads to a drastic re-
 duction in VG. However this value of s, a
 5% fitness difference, is unrealistically large
 for overdominant alleles. This sensitivity of
 low dominance allelic combinations to drift
 is somewhat counterintuitive, as far more
 absolute equilibrium genetic variance is
 maintained by overdominance than in more
 additive cases.

 DIsCUSSION

 In this paper, I have explored the con-
 sequences of a drift-mutation-selection bal-
 ance using a variety of simple single-locus
 models. All of these models, including one
 of balancing selection, prove very suscep-
 tible to drift at effective population sizes (N)
 less than about 104 , unless the average se-
 lection coefficient (s) is unrealistically large.
 While high s values would reduce sensitivity
 to drift, they also reduce the equilibrium

 genetic variance (VG) when Ns is not much
 less than one. This would make it very dif-
 ficult for any of these models, except one
 involving overdominance, to explain ob-
 served levels of VG.

 I have ignored the effects of linkage in the
 models presented here. Previous results in-
 dicate that this is justified in some cases,
 such as effectively infinite populations
 (Lande, 1980b; Turelli, 1984). For effec-
 tively neutral characters, the expected ge-
 netic variance is not affected by linkage, al-
 though the variance in VG among
 populations will be increased by it (Lynch
 and Hill, 1986). The simulation results of
 Keightley and Hill (1983, 1987, 1988) show
 that tight linkage will generally cause VG to
 be overestimated by the models above in
 small populations when Ns is of order 1.
 This effect peaks at intermediate population
 sizes, rather than in small populations, be-
 cause in small populations fewer loci will
 be segregating. This effectively increases the
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 amount of recombination between segre-
 gating sites. However, in Keightley and Hill's
 simulations, the discrepancy between
 models incorporating linkage and those ig-
 noring it disappears if there is even one
 crossover per genome per generation. The
 negligible importance of linkage in infinite
 populations (Lande, 1980b; Turelli, 1984)
 suggests that whatever underestimate of VG
 there is due to linkage when Ns 1 must
 disappear as Ns increases. This would have
 the effect of decreasing the rate of increase
 in VG with N. Thus, VG would be susceptible
 to drift at higher values of N, while the sus-
 ceptibility in smaller populations would be
 less severe.

 Effective population size is extremely dif-
 ficult to estimate for most populations. The
 only method for estimating it that seems at
 all general is sampling third-base-position
 heterozygosity (Kreitman, 1987). This is
 very expensive and at present has only been
 applied to Drosophila. Even with such data,
 the estimate one is really interested in is not
 for neutral alleles but for variation that ex-
 periences selection pressures similar to those
 acting on alleles that influence the studied
 character. Selection determines the time it
 takes to achieve genetic equilibrium and,
 therefore, the importance of migration. Un-
 fortunately, without data on effective pop-
 ulation size with selection, we are limited
 to qualitative predictions about VG. If ef-
 fective population sizes are frequently less
 than 104 , large and small populations should
 differ greatly in their genetic variance. Is
 there any evidence for this? The data on this
 point are quite equivocal. While small pop-
 ulations clearly seem to have less genetic
 variance than larger ones, nothing suggests
 the kind of dramatic differences predicted
 by the models in Figures 4 and 5.

 There is a great deal of data on VG for
 domesticated and artificial populations;
 however, such populations are unlikely to
 be near genetic equilibrium. The expecta-
 tion that small populations will have little
 genetic variance often leads investigators to
 synthesize a base population by combining
 inbred lines or small populations, obscuring
 any potential effects of population size. The
 problems with using nonequilibrium pop-
 ulations are strikingly illustrated by Bryant
 et al.'s (1986) finding that genetic variance

 for morphological traits in houseflies went
 up when isolates from a large, natural pop-
 ulation were taken through bottlenecks of
 four, eight, or 16 flies. Bryant et al. ascribed
 this result to epistasis in the base popula-
 tion. Such increases will not, however, per-
 sist at equilibrium (Goodnight, 1988). It is
 well known that severe inbreeding quickly
 reduces genetic variance within popula-
 tions, but this will be true irrespective of
 the mechanism by which variance was
 maintained in the base population. Exper-
 iments have shown that long-term selection
 in small populations leads to somewhat less
 response than is obtained in large popula-
 tions (e.g., Jones et al., 1968); however, since
 such experiments draw from a common base
 population, itself not at equilibrium, no
 conclusions about the quantitative agree-
 ment with models can be made. Laboratory
 populations could, however, be used to shed
 light on this issue. The time required to
 eliminate 95% of the difference between
 equilibrium heterozygosity and either lower
 or higher heterozygosity for neutral loci is
 approximately 6Ngenerations in small pop-
 ulations (1/N ?> ,) (Malecot, 1969). This
 time is shorter for variation acted on by
 selection. It is possible to maintain popu-
 lations of organisms such as Drosophila this
 long under constant conditions.

 Two kinds of data from natural popula-
 tions have relevance to this issue. First, her-
 itability data suggest little correspondence
 between N and VG. For example, many
 mammals, such as mice, probably have ef-
 fective population sizes on the order of a
 few hundred (Chepko-Sade et al., 1987), yet
 there is no obvious trend for heritabilities
 or genetic variances to be small in such or-
 ganisms. High heritabilities for morpholog-
 ical characters are found in the mouse species
 Peromyscus maniculatus (Sumner, 1918),
 the red-backed salamander Plethodon ci-
 nereus (Highton, 1960), and Darwin's finch-
 es (Grant, 1986). Such results seem incon-
 sistent with the general results of the models
 considered here. Such examples are weak
 evidence, however, as there is certainly a
 bias against the publication of insignificant
 results. In addition, the implicit compari-
 sons that one makes based on such data are
 between different characters in very differ-
 ent organisms. Such comparisons would be
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 invalid if, for example, VM/ VE were different
 for the characters compared. Lynch (1988)
 has recently shown that estimates of VM/ VE
 vary over two orders of magnitude.

 Data that allowed comparisons among
 populations of the same or closely related
 species that differ in Nwould be much more
 convincing. I do not know of any. A few
 studies have indicated a correlation be-
 tween N and phenotypic variance. In the
 case of characters that are highly heritable,
 differences in phenotypic variance may re-
 flect genetic variance. Soule et al. (1973)
 showed a highly significant positive corre-
 lation between allozyme heterozygosity and
 the coefficient of variation of scale counts
 among eight Anolis species and a weakly
 significant correlation among island popu-
 lations of another lizard, Uta stansburiana.
 Using the data from Uta, Soule (1972) also
 showed that phenotypic variance is corre-
 lated positively with island area and nega-
 tively with distance from the mainland.
 Soule considered and rejected the hypoth-
 esis that these correlations were due to ef-
 fective population size and proposed in-
 stead that they reflected differences in
 environmental variance and niche width.
 On balance, a simple dependence on pop-
 ulation size seems a more likely explanation
 for the data than this elaborate alternative.
 Qualitatively similar studies of bird popu-
 lations on islands give conflicting results.
 Van Valen (1965) found more variation in
 island populations, while Grant (1967)
 found less. Fisher (Fisher and Ford, 1928;
 Fisher, 1937) studied phenotypic variance
 in moths and in egg dimensions of birds and
 found that species that were classified as
 "'abundant" tended to have more pheno-
 typic variance than those that were more
 rare. However, Fisher did not control for
 geographic variation and drew samples from
 all over the British Isles.

 All of these studies are limited in their
 relevance to the issue, as only a qualitative
 prediction concerning relative variance can
 be made. All mechanisms that maintain ge-
 netic variation will show some sensitivity
 to population size. Only in exceptional cir-
 cumstances will it be possible to accumulate
 sufficient information about population size
 to make a more quantitative prediction.
 Such a comparison might be possible in a

 species whose habitat requirements were

 patchy but temporally stable, or among
 populations isolated by a dispersal barrier.
 Comparisons could also be made between
 a common species and a rare one. Any such
 study would prove extremely valuable. At
 the very least, the magnitude of any depen-
 dence on VG on N sets limits on the strength
 of mutation and selection, assuming that the
 mutation-selection-drift balance model is
 correct. A major problem with any such tests
 would be the variance around VG. In the
 neutral case, Lynch and Hill (1986) show
 that this variance among populations will
 be large. The simulation results of Burger
 et al. (1989) also show a very high variance

 of VG, and strong temporal autocorrelation
 when there is stabilizing selection. Thus,
 replicate study populations that have been
 independent for some time will be required
 in such studies.

 If it is true that genetic variance is not as
 susceptible to drift as predicted here, then
 some of the assumptions of these models
 must be false. All of the models applied here
 are equilibrium ones, and it is still very un-
 clear whether one should expect quantita-
 tive characters to achieve genetic equilib-
 rium very often, particularly if the selection
 regime often changes on an ecological time
 scale. If populations are not at equilibrium,
 this will cause genetic variances from large
 and small populations to be more similar
 that they would be at equilibrium. Because
 equilibration time is of order Ngenerations,
 currently large populations will be more
 likely to have less heterozygosity than the
 equilibrium level, making large and small
 populations more similar in heterozygosity
 and genetic variance.
 I A related problem is the sensitivity of
 equilibria to historical events. Barton (1986)
 showed that, in an infinite population, a two-
 allele, multiple-locus model predicts that
 there will be multiple genetic equilibria, dif-
 fering very slightly in their means but dif-
 fering substantially in their variances.
 Therefore the system will have an impor-
 tant historical component, depending on
 which equilibrium a population achieves.
 More recently, Barton has investigated the
 effect of finite population size, and found
 that this effect disappears for most param-

 eter values when N < 20,000 (Barton, pers.
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 comm.). The models considered here sug-
 gest that VG will covary with N for popu-
 lations smaller than this.

 The presence of epistatic interactions
 among loci could also lead to a strong his-
 torical component for the phenotypic means
 that populations achieve (Wright, 193 1). If
 populations can achieve different selected
 optima, which in turn vary in the strength
 of selection around the optima (i.e., the flat-
 ness of adaptive peaks), then this could af-
 fect VG. This could result in a weaker cor-
 relation between N and VG, although the
 expected slope of the relationship should
 remain the same. Since we know virtually
 nothing about epistasis for fitness, we can-
 not say whether epistatic interactions would
 tend to increase or decrease the average
 amount of selection against alleles which are
 currently nonoptimal. Therefore, there is no
 reason to suspect that, on average, epistasis
 would alter the sensitivity of VG to drift.

 Another important assumption of all of
 these models is that there is a single panmic-
 tic population. If selection acts to differen-
 tiate the character of interest over space,
 migration does more than just alter N. Slat-
 kin (1978), in an analysis based on the
 Gaussian allelic approximation to the infi-
 nite-alleles model, showed that the effect of
 migration in a cline on VG within local pop-
 ulations will be small unless the cline is quite
 steep relative to dispersal distances. Use of
 a rare-alleles approximation in this case
 might show more susceptibility of VG to mi-
 gration, as heterozygosity is very low in this
 approximation. A potential case of this was
 provided by Grant (1986), who hypothe-
 sized that the high heritabilities in Darwin's
 finches are maintained in the face of strong
 selection by gene flow from other species
 and differentiated populations on other is-
 lands. If populations also achieve different
 stable equilibrium states with respect to par-
 ticular loci (Barton, 1986), then migrants
 could have a disproportionate effect on VG
 without any differentiation of phenotypic
 means.

 Turelli (1985) has taken the ubiquity of
 pleiotropy as a particular challenge to ex-
 perimental verification of the mechanisms
 involved in the maintenance of VG. The ex-
 istence of pleiotropy does not affect the ba-
 sic conclusions of this paper. While the fit-

 ness of an allele may be a complex function
 of its effects on many phenotypes, its effect
 on only one phenotype, fitness, determines
 its evolutionary dynamics. Efforts to infer
 the strength of selection from changes in
 phenotypic variance may be inaccurate be-
 cause of pleiotropy, but this leaves unaf-
 fected the basic dilemma that assuming
 weaker selection yields more genetic vari-
 ance but a greater sensitivity to drift, while
 stronger selection yields the converse.

 This poses a particularly difficult chal-
 lenge to the rare-allele approximation to the
 infinite-allele model (Barton and Turelli,
 1987) and related finite-allele models. In an
 infinite population, these models require
 hundreds of loci to explain heritabilities as
 high as 0.50 when typical parameter esti-
 mates are used (Turelli, 1984). If the amount
 of selection is assumed to be higji enough
 to minimize the susceptibility of VG to drift,
 as in the top set of graphs in Figures 3-5,
 then the number of loci necessary to account
 for high heritabilities becomes enormous,
 as is evident from Figure 3.

 In addition, previous analyses have
 pointed out that the rare-allele assumptions
 predict that heritability should increase rap-
 idly in the short term when selection is ap-
 plied to a character (Barton and Turelli,
 1987; Slatkin, 1987). This is because one
 allele is expected to be at high frequency at
 each locus at equilibrium, and therefore, se-
 lection will initially tend to increase hetero-
 zygosity and VG. This is clearly not in ac-
 cordance with the experimental evidence.

 While this suggests that the rare-alleles
 approximation and finite-allele analogues
 have shortcomings, other models also fare
 poorly when compared to the real world.
 The Gaussian allelic approximation re-
 quires the assumption that mutation rates
 are much higher than empirical evidence
 suggests (Turelli, 1984). This difficulty is in-
 tensified in finite populations, where the as-
 sumption of a Gaussian distribution of al-
 lelic effects should require even higher
 mutation rates than proposed by Turelli.
 The pleiotropic-overdominance model is
 plausible, but there is no empirical evidence
 that alleles interact this way, other than a
 few peculiar cases such as hemogloblin S.
 This stands in sharp contrast to the volumes
 of evidence for additive and dominance in-
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 teractions. Furthermore, all of these models
 share the susceptibility to drift that seems
 incompatible with empirical evidence. This
 suggests that alternatives to these simple
 single-locus models must be developed. One
 possibility would be models involving fre-
 quency-dependent selection on either the
 genotypic or phenotypic level. This might
 reduce the impact of drift (Hedrick, 1972).
 Another would be a stepping-stone, or iso-
 lation-by-distance model, with occasional
 long-distance migration, as outlined above.

 Turelli (1985) has predicted that it will
 be no easier to determine the mechanisms
 that maintain genetic variance than to dis-
 criminate, in general, between neutralist and
 selectionist explanations for allozyme vari-
 ation. I agree that this task will surely prove
 difficult, but the addition of finite popula-
 tion size to the picture provides another axis
 on which to evaluate the evidence. This can-
 not fail to be helpful.
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